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Summary. In a segregating population a quantitative
trait may be considered to follow a mixture of (normal)
distributions, the mixing proportions being based on
Mendelian segregation rules. A general and flexible mix-
ture model is proposed for mapping quantitative trait loci
(QTLs) by using molecular markers. A method is dis-
cribed to fit the model to data. The model makes it pos-
sible to (1) analyse non-normally distributed traits such
as lifetimes, counts or percentages in addition to normal-
ly distributed traits, (2) reduce environmental variation
by taking into account the effects of experimental design
factors and interaction between genotype and environ-
ment, (3) reduce genotypic variation by taking into ac-
count the effects of two or more QTLs simultaneously, (4)
carry out a (combined) analysis of different population
types, (5) estimate recombination frequencies between
markers or use known marker distances, (6) cope with
missing marker observations, (7) use markers as covari-
ables in detection and mapping of QTLs, and finally to (8)
implement the mapping in standard statistical packages.

Key words: EM-algorithm — Generalised linear model —
Genetic linkage map — Mixture of distributions — Mole-
cular marker — Quantitative trait locus

Introduction

The advent of complete linkage maps of molecular mark-
ers has recently stimulated interest in studying the genet-
ics underlying quantitative traits (Paterson et al. 1988;
Soller and Beckmann 1983). Several methods have been
proposed for mapping quantitative trait loci (QTLs).
Methods proposed by Weller (1986) and Luo and
Kearsey (1989) are based on the estimation of linkage

between a single putative QTL and a single marker.
Jensen (1989), Lander and Botstein (1989) and Knapp et
al. (1990) used a model involving flanking markers for the
detection and mapping of a single QTL in which linkage
between a putative QTL and two markers is estimated.
Lander and Botstein (1989) developed a software pack-
age (MAPMAKER-QTL) for the backcross (BC) popula-
tions and F, populations, while Knapp et al. (1990) men-
tioned that they were also developing a software package
(GENEMAP,) for BC and F, populations. Weller (1986)
emphasized that in a BC or F, population a quantitative
trait may be considered to follow a mixture of (normal)
distributions. The mapping algorithm in both MAP-
MAKER-QTL and GENEMAP uses maximum likeli-
hood methods based on the EM-algorithm to estimate
parameters of the mixture model of normal distributions.
Lander and Botstein (1989), Knapp et al. (1990) and
Knapp (1991) all mentioned the need for accurate and
efficient methods that can handle multiple QTLs. Meth-
ods are also required that can cope adequately with non-
normally distributed traits, such as lifetimes, percentages
or counts. Similarly, methods are required which can
cope with designed experiments in which populations are
tested at a number of locations and in various years to
study interactions between genotype and environment or
in which randomised blocks or other designs are used to
control variation in experiments. Lander and Botstein
(1989) stated that standard computer programmes for
linear regression cannot be used. Knapp et al. (1990) and
Knapp (1991) developed linear models for multiple un-
linked QTLs and non-linear models for two and three
linked QTLs, and for interactions between QTLs and envi-
ronment. However, these models are not mixture models.

In the present paper a mixture model is developed to
overcome some of the shortcomings of the methods men-
tioned above. Extensions of mixture models and parame-



ter estimation methods based on the EM-algorithm, as
proposed by Lander and Botstein (1989) and Knapp et al.
(1990), are described. In this paper the emphasis is on
genetical and statistical modelling of the mapping prob-
lem, not on the detection problem. Two simulated exam-
ples are included. The first example illustrates modelling
for a non-normally distributed trait and some of the
problems concerning the robustness of the traditional
approaches for deviations from normality. The second
example illustrates modelling for multiple QTLs and
some of the problems concerning the detection of QTLs.

Genetical and statistical models

In the QTL mapping problem the phenotype of the quan-
titative trait and the allelic constitution at the marker loci
are observed, whereas the allelic constitution at the QTLs
remains unobserved. However, for each individual
weights may be specified that quantify the (conditional)
probability for each possible allelic constitution at the
QTLs (Knapp et al. 1990). In the present paper it is
demonstrated that this enables one to reduce the QTL
mapping problem to two classical problems, one con-
cerned with genetic linkage and the other with the regres-
sion of phenotype on genotype. Genetic linkage models
and models for the regression of phenotype on genotype
will be recapitulated in the next two sections. In these two
sections it is assumed that the allelic constitution at the
QTL is known. Then, in a third section it is supposed that
the allelic constitution at the QTLs is unknown, and the
method for mapping QTLs will be developed. Conse-
quences of a single QTL and two QTLs are considered in
the cases of selfing F; individuals (M, QM,/m, qm, and
M, Q;M,Q,M;/m,q, m,q,m;, respectively) to obtain
an F, population, and backcrossing F, individuals to one
of the parents (say m, gm,/m; gm, and m, g, m,q,m,/
m, g, m, g, my, respectively) to obtain a BC population.
Extension to any other number of QTLs and to other
population types is straightforward.

Genetic linkage

A general model for the estimation of genetic linkage
between markers and QTLs will be described. The model
makes it possible to (1) take into account a single QTL,
or two or more QTLs simultaneously, (2) analyse BC
populations, F, populations and many other popula-
tions, (3) estimate recombination parameters between
markers, or use known marker distances and (4) imple-
ment the parameter estimation in standard statistical
packages.

The classical theory of genetic linkage has been de-
scribed by Bailey (1961). In this section the problem of
estimation of genetic linkage parameters will be treated
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differently, namely by using log-linear models. Moreover,
it will be assumed that the complete allelic constitution of
chromosomes is observed, which implies that repulsion
and coupling phases can be distinguished and that re-
combination events can be counted. The adaptive ap-
proach enables one to implement the mapping of QTLs
readily in statistical packages, as will be made clear in one
of the following sections.

First, the case of a single QTL with flanking markers
is considered, which corresponds to the classical “three-
point” linkage analysis. Let r, and r, denote the recombi-
nation frequency between the QTL and its flanking
markers, respectively. Table 1 shows the gametes pro-
duced by F, individuals (M, QM ,/m, qm,), classified by
the recombination events in a 2x 2 table. Table 1 also
shows the expected frequencies of the four categories in
the absence of interference. Let pyg, Por> P1o and pyy
denote the frequencies of the four categories of gametes in
Table 1. The recombination events follow a multinomial
distribution with parameters pyg, Po1» P10 and p,,, while
the eight gamete types follow a multinomial distribution
with parameters 3 p;; (i,j=0,1). The usual log-linear
model holds for the eight gamete types:
log (1 pgo) =4, if the gamete is M; QM, or m; qm,,
log (3p19)=A+v, if the gamete is m; QM, or M, qm,,
log (3pgq) =4+, if the gamete is M, Qm, or m;qM, and
log (3p;)=A+v+{, if the gamete is M, qM, or m; Qm,,

where v=1log(r,)—log(1 —r,) and {=log(r,) —log(1 —r,).
The parameters are subject to the constraint
Poo+Po1 P10+ P11 =1. In BC data only the chromo-
some originating from the F, parent provides informa-
tion on the recombination parameters r, and r,. Table 2
shows coefficients of the genetic linkage parameters for
each of the eight possible allelic constitutions. For exam-
ple, M; QM,/m, qm, has coefficients 1 - 4,0 vand 0- ¢,
since log(3pgg)=1-4+0-v+0-{

In F, data both homologous chromosomes originate
from F, parents and therefore both homologous chromo-
somes are informative. When calculating probabilities it
is useful to distinguish chromosomes of maternal and
paternal origin. Let M, QM,/M, gM, denote the geno-
type of an individual with chromosome M; QM, of ma-
ternal origin and chromosome M, qM,, of paternal orig-
in. Other genotypes are defined similarly. Maternal and
paternal chromosomes are independent, so that pairs of
chromosomes occur in expected frequencies 4 pg;- 3D
(h,1,j,k=0,1). Since

log (3P 2p5) =10g (3 pu) +10g 3Py »

it follows that the linear model is the sum of the linear
models for the separate chromosomes. Table 3 shows co-
efficients of the genetic linkage parameters for each of the
64 allelic constitutions. For example M, QM,/M,qM,
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Table 1. Gametes produced by F, individuals and expected fre-
quencies of the four categories of gametes

Recombination between
QTL and second marker

Recombination
between QTL and
first marker?

0 1

0 M, QM,, m, gm, M, Qm,, m,qM,
(I—-r}d—ry) (I=ryr,

1 m; QM,, M, qm, M, gM,, m; Qm,
ri(1—r,) rir;

2 (0, No recombination; 1, recombination

Table 2. Coefficients of the genetic linkage parameters and the
parameters for regression of phenotype on genotype in the prog-
eny obtained by backcrossing F, individuals M; QM,/m, qm,
to the parent m, qm,/m, qm,. Example: For M, qm,/m, qm,
individuals the coefficients of the genetic linkage parameters are
12,1 -vand0-{ since log[r, (1 —ry)l=loglZ(1—r) (1—7,)]
+loglr,/A—r)l=1-A+1-v+0-{; for M, gm,/m, qm, indi-
viduals the coefficients of the parameters for regression of pheno-
type on genotype are 1 -m, —1 - a and 0 - d, since the genotypic
value satisfies G=m—a

Observed Unobserved Genetic Regression

incomplete complete linkage of phenotype

allelic allelic on genotype
constitution  constitution

Aov ¢ m a d

M, QM,/m;qm, 1 0 0 1 0 1

Mym, Mom; v gMymygm, 1 1 1 1 —1 0

M,Qm,m,gm, 1 0 1 1 0 1

Mymy MM, A gmy/moqm, 1 1 0 1 —1 0

m, QM,mygm, 1 1 0 1 0 1

mym Momy o gMy/myqm, 1 0 1 1 —1 0

m,Qm,m,qm, 1 1 1 1 0 1

m, M, M, 0, m, qm,/m, gm, 100 1t -1 0

2}, vand { denote the parameters for the lincar genetic linkage
model: A=log(}(1—r,)(1~1,)) v=log{r)—log(l—ry); (=
log(r,)—log(1 —r,), with r, and r, denoting the recombination
frequencies between the QTL and its flanking markers

b m, a and d denote the parameters for linear regression of
phenotype on genotype: m is the mean of the expected pheno-
types of individuals with QQ and qq at the QTL, respectively; a
is the additive effect; d is the dominance effect

has coefficients 2-4, 1-v and 1-{, since log (3Pgo
3p;)=log (poo) +1log (3py)=1-2+(1-A+1-v+1
“§)=2-A+1-v+1-{ Genotypes M;QM,/M,gM,
and M; gM,/M, QM, have the same coefficients (and
the same phenotype, sec the next section) and may be
grouped together. The probability that a genotype is ei-
ther M,QM,/M;gM, or M;qM,/M;QM, equals
2 4Poo ;- Therefore, in the log-linear model an extra
offset of log(2) appears, since log(2-%poo-3DP11)
=2-A+1-v+1-{+log(2).

Next, the case of an F; (M;Q, M, Q,M;/m;q,m,
g, m,) with two QTLs in adjacent intervals is considered.
Let r;, and r,, denote the recombination frequencies
between the first QTL and its flanking markers. Similarly,
let r,, and r,, denote the recombination frequencies be-
tween the second QTL and its flanking markers. In the
absence of interference the recombination events in the
first interval are independent of those in the second inter-
val. The expected proportions of gametes of F, individu-
als are the products of the expected proportions in the
first (p,5;) and second interval (p,;,). Since

log (3piw- %pz_ik):log (3Piny) +log (%szk) ,

it follows that the linear model is the sum of the linear
models for the separate QTLs (h,i,j,k=0,1).

Maximum likelihood estimates for the parameters of
the log-linear model (a so-called generalised linear model
for multinomial data) may be obtained easily (McCullagh
and Nelder 1989): computations may be carried out by
statistical packages having facilities for generalised linear
models. It will be shown in one of the following sections
that in solving the QTL mapping problem the genetic
linkage analysis is carried out by fitting the log-linear
model to weights that quantify the probability for each
possible allelic constitution at the QTLs and marker loci.
For example, suppose that the actual allelic constitution
of a BC individual is M; QM ,/m, qm,. In the QTL map-
ping problem only the allelic constitution M; M,/m, m,
can be observed. Two probabilities may be calculated,
namely the probability that the complete allelic constitu-
tion is M; QM,/m, gm, and the probability that it is
M, gM,/m qm,. Probabilities which are calculated are
conditional probabilities given the observed phenotypic
value and given the observed marker genotype.

For each observation coefficients of the genetic link-
age parameters are specified and stored into a design
matrix or into explanatory variables to be analysed. If
applicable, offsets are stored into an offset variable. Esti-
mation is often carried out by the Newton-Raphson
method or by the method of scoring. Note that since the
log-linear models for BC populations, F, populations
and many other populations are specified in the same
parameters, the corresponding data can be easily
analysed by the same computer programme. It is also
possible to carry out a combined analysis of data of
different population types.

If the map distance between markers is unknown or
based on insufficient information, the multinomial pro-
portions are free of further constraints. However, once a
proper map of the markers is available, one may add
additional constraints. For example, in the case of a sin-
gle QTL, the extra constraint becomes p;q+po;=*L,
where r is the known recombination frequency between
the two markers. Finally, it is noted that models may also
be extended to include interference constraints, e.g.
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Table 3. Coefficients of the genetic linkage parameters and the parameters for regression of phenotype on genotype in the F, progeny
of selfed M, QM,/m, qm, individuals. Example: For M, QM ,/M, gM, individuals the coefficients of the genetic linkage parameters
are 2- A, 1-vand 1 - since log[3{1 —ry) (1 —rp) dry ry]=2log[3(1 —r ) 1 —r)] +log[r (L —r )] + log[r, A —r)]=2 - A+1 - v+1-(;
For M, QM,/M, gM, individuals the coeflicients of the parameters for regression of phenotype on genotype are 1 - m, 0-a and 1 -d,
since its genotypic value satisfies G=m+d. M; QM,/M;qM, and M qM,/M, QM, have the same coefficients and are grouped
together. An extra offset of log(2) appears, since log[24(1 —r,) (1 —r,) 3r, r]=log[3(1—r ) (1 —r,) 47, r,] +1log(2)

Observed in- Unobserved Genetic linkage® Regression of pheno-
complete allelic complete type on genotype®
constitution allelic constitution . p
A \J 4 Offset m a
M, M, M, M, M, QM,/M,QM, 2 0 0 0 1 1 0
M, QM,/M, gM,, M, 9M,/M, QM, 2 1 1 log® 0 1
M, qM,/M, gM, 2 2 2 0 1 -1 0
M;M; M, m, M; QM,/M,; Qm,;, M, Qm,/M; QM, 2 0 1 log(2) 1 1 0
M, QM,/M, qm,, M, gm,/M, QM, 2 1 0 log(2) 1 0 1
M, Qm,/M, qM,, M, qM,/M, Qm, 2 1 2 log(2) 1 0 1
M,gM,/M, qm,, M, qm,/M, gM, 2 2 1 log(2) 1 —1 0
MM m,m, M, Qm,/M, Qm, 2 0 2 0 1 1 0
M, Qm,/M, qm,, M, qm,/M, Qm, 2 1 1 log(2) 1 0 1
M, gm,/M,gm, 2 1 0 0 1 -1 0
M;m, M, M, M, QM,/m, QM,, m, QM,/M, QM, 2 1 0 log(2) 1 1 0
M, QM,/m,gM,, m, gM,/M, QM, 2 0 1 log(2) 1 0 1
M,gM,/m, QM,, m; QM,/M,gM, 2 2 1 log(2) 1 0 1
M, gM,/m, qM,, m, gM,/M, gM, 2 1 2 log(2) 1 —1 0
My My, [M: QM/m, Qma. M, Qinyim, QM 21 1 log O
m; QM,/M; Qm,, m; Qm,/M, QM,
M, QM,/m, qm,, m, qm,/M, QM, 2 0 0 log(2) 1 0 1
M, Qm,/m; gM,, m, qM,/M, QM, 2 0 2 log(2) { 0 1
m,; QM,/M, qm,, M, gm,/m, QM, 2 2 0 log(2) 1 0 1
m,; Qm,/M, gM,, M, gM,/m; Qm, 2 2 2 log(2) 1 0 1
[MlqMZ/m1 qm,, M, qm,/m,gM, 2 1 1 log(4) 1 —1 0
m; qM,/M, qm,, m, qm,/M, qM,
M, m,; m,m, M, Qm,/m, Qm,, m, Qm,/M, Qm, 2 1 2 log(2) 1 1 0
M, Qm,/m, gm,, m, gm,/M, Qm, 2 0 1 log(2) 1 0 1
M, gm,/m, Qm,, m, Qm,/M, gm, 2 2 1 log(2) 1 0 1
M, qm,/m, qm,, m, qm,/M, qm, 2 1 0 log(2) 1 —1 0
m, m; M, M, m, QM,/m, QM, 2 2 0 0 1 1 0
m, QM,/m, gM,, m, gM,/m, QM, 2 1 1 log(2) 1 0 1
m, qM,/m, qM,, 2 0 2 0 1 -1 0
M, M, M,m, M, QM,/M, Qm,, M, Qm,/M, QM, 2 2 1 log(2) 1 1 0
M, QM,/M, qm,, M, gm,/M; QM, 2 1 0 log(2) 1 0 1
M;gM,/M, Qm,, M, Qm,/M, ¢M, 2 1 2 log(2) 1 0 1
M, qM,/M, gm,, M, qm,/M, qM, 2 0 1 log(2) 1 —1 0
m,m, m,m, m, Qm,/m, Qm, 2 2 2 0 1 1 0
m, Qm,/m; gm,, m, gm,/m, Qm, 2 1 1 log(2) 1 0 1
m, qm,/m, qm, 2 0 0 0 1 —1 0

# 2,v and { denote the parameters for the genetic linkage model: 1=log(1(1 —r,) (1 —#,)); v= log(r;)—log(1 —r); {=log(r,) —log(1—r,),
where r; and r, are the recombination frequencies between the QTL and its flanking markers

b

>

m, a and d are the parameters for the linear regression of phenotype on genotype: m is the mean of the expected phenotypes of individuals

with QQ and qq at the QTL, respectively; a is the additive effect; d is the dominance effect

t=r;+r,—2Cr,r, with C#1. Estimation may be car-
ried out again by applying the Newton-Raphson method
or by the method of scoring.

Regression of phenotype on genotype

A general model for regression of phenotype on genotype
will be described. The model makes it possible to (1)

analyse non-normally distributed traits such as lifetimes,
counts or percentages in addition to normally distributed
traits, (2) reduce environmental variation by taking into
account the effects of experimental design factors and
interaction between genotype and environment, (3) re-
duce genotypic variation by taking into account the ef-
fects of two or more QTLs simultaneously and (4) imple-
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ment the parameter estimation in standard statistical
packages.

Lander and Botstein (1989), Knapp et al. (1990) and
Knapp (1991) discuss the traditional approach of regres-
sion of phenotype on genotype. We use the notation of
Bulmer (1985) and denote the phenotypic value by Y, the
genotypic value by G, and the environmental variation by
E. In this section it is assumed again that the allelic
constitution at the QTLs is known. The simplest model
is Y =G+ E. The genotypic contribution is often decom-
posed into additive (4) and dominance (D) components.
The following linear model for the genotypic values at a
single diallelic locus was formulated by Bulmer (1985) in
short notation as G=m+ A+ D, or written out

G=m+a, if an individual’s genotype is QQ,
G=m+d, if its genotype is Qq, and
G=m—a, if its genotype is qq,

where m is the mean of the expected values of the geno-
types QQ and qg, the additive component 4 takes values
+a, 0 or —a and the dominance component D takes
values 0 or d.

In Table 2 coefficients of the regression parameters
are presented for each of the eight genotypes of a BC
population. For example, M; QM,/m, qm, has coeffi-
cients 1 -m, 0-a and 1 - d. In a BC population additive
and dominance components are aliased (Table 2). There-
fore, the parameters Haq and g will be used below to
denote the expected values of individuals with allelic con-
stitution QQ and qq at the QTL, respectively. In Table 3
coefficients of the regression parameters are presented for
each of the 64 genotypes of an F, population. For exam-
ple, M; QM,/m, Qm, has coefficients 1-m, 1-a and
0-d, M,QM,/m,gm, has coefficients 1 -m, 0-a and
1-d and M, gM,/m,gm, has coefficients 1-m, —1-a
and 0-d.

The model is readily extended to take into account
two or more QTLs simultaneously. For example, the
two-loci linear model is G=m+A,+A4,+D,+D,+
AA,+AD,+ AD,, + DD, (Bulmer 1985).

Experimental design factors, such as blocks, have to
be incorporated into the model to provide a certain de-
gree of control over environmental variation. However,
interactions between genotype and environment, such as
year x genotype or location x genotype interactions, are
also of particular interest. The model is also readily ex-
tended to take such explanatory variables into account.
For example, the single QTL model may be extended to
G=m+A+D+X'f, where X'f relates the genotypic
value to the explanatory variables (f§ is a vector of regres-
sion parameters and X is a vector of the coefficients of
regression parameters).

Usually, the environmental variation E is assumed to
be normally distributed with mean O and variance o2.
However, it may actually have some other continuous

distribution, such as the log-normal or exponential distri-
bution. It may even be discrete rather than continuous,
such as is the case when percentages, counts or ordinal
data are recorded. Generalised linear models provide an
extension of classical linear models for normally distrib-
uted data to binomial data (percentages), Poisson data
(counts), ordinal data (severity scores) and other types of
data. Maximum likelihood methods for normally distrib-
uted data can be found in many statistical text books.
Generalised linear models, and how to fit them to data, are
extensively discussed by McCullagh and Nelder (1989).

It will be shown in the next section that in solving the
QTL mapping problem a weighted regression analysis is
carried out in which the weights quantify the conditional
probability for each possible allelic constitution at the
QTLs and marker loci.

Mapping quantitative trait loci

A general mixture model for mapping QTLs will be de-
scribed now. The model makes it possible to (1) transfer
to the QTL mapping problem all facilities developed
above for the two classical problems, one concerned with
genetic linkage and the other with regression of pheno-
type on genotype (facilities such as analysis of non-nor-
mally distributed traits or analysis of designed experi-
ments), (2) cope with missing QTL data and missing
marker data and (3) implement the mapping in standard
statistical packages.

In the QTL mapping problem the phenotype of the
quantitative trait and the allelic constitution at the mark-
er loci are observed, whereas the allelic constitution at the
QTLs remains unobserved. However, for each individual
weights may be specified that quantify the conditional
probability for each possible allelic constitution at the
QTLs (Knapp et al. 1990). Note that the information on
the allelic constitution at the marker loci is generally also
incomplete since the phases (coupling or repulsion) re-
main unobserved. The information on the marker geno-
type may also be incomplete due to dominance or to
problems in classification. A special case of missing mark-
er data is so-called selective genotyping in which case
marker data are collected only for the extreme phenotyp-
ic values (Lander and Botstein 1989). An adaptive ap-
proach is to specify weights that quantify the conditional
probability for each possible allelic constitution at the
QTLs and the marker loci simultancously. It will be
shown below that this enables one to implement the map-
ping of QTLs readily in statistical packages.

The EM-algorithm proposed by Dempster et al
(1977) may be used to specify and update weights itera-
tively. It will be demonstrated here that application of the
EM-algorithm enables one to reduce the QTL mapping
problem to two classical problems, one concerned with



genetic linkage and the other with regression of pheno-
type on genotype.

Each iteration of the EM-algorithm consists of two
steps:

(step 1) specify or update weights, and
(step 2) update the parameter estimates by
(1) a genetic linkage analysis based on the
weights and
(2) a weighted regression of phenotype
on genotype.

In step 1 the weights are updated by calculating the con-
ditional probabilities given the current parameter esti-
mates according to the Bayes theorem (Knapp et al. 1990;
McLachlan and Basford 1988; Titterington et al. 1985).
In step 2 the classical problems are solved by using the
weights. In the preceding sections the solutions of the
corresponding classical problems have been discussed.

Let us suppose again that in the BC population the
phenotype y and the marker genotype M;m; M,m,
were observed. Coefficients of the parameters for the two
possible complete genotypes M;QM,/m,qm, and
M, gM,/m, gm, are stored into a design matrix or into
explanatory variables to be analysed (Tables 2). The cor-
responding weights are stored into an extra variable.

Let us suppose next that in the F, population the
phenotype y and the marker genotype M; M, M, m,
were observed. Since the complete genotype has one of
the following eight allelic constitutions, M;QM,/
M, Qm,, M, Qm,/M; QM,, M; QM,/M, qm,, M, qm,/
M; QM,, M;gM,/M; Qm,, M; Qm,/MqM,, M, qM,,/
M, gm, or M,qm,/M;qM,, the phenotype may be
assumed to follow a mixture of eight distributions
(Table 3). However, genotypes having the same coeffi-
cients of the regression parameters can be grouped to-
gether so that the complete genotype is in one of the
following four groups: {M; QM,/M, Qm, or M, Qm,/
M; QM,}, {M;QM,/M;qm, or M,qm,/M;QM,},
{M,; qM,/M, Qm, or M; Qm,/M,; qM,} and {M, gM,/
M, qm, or M, qm,/M, qM,}. Therefore, the number of
components in the mixture can be reduced so that the
phenotype y can be assumed to follow a mixture of four
distributions. Consequently, an offset of log(2) appears in
the log-linear model for genetic linkage. It can be derived
analogously that the phenotype y follows a mixture of
three distributions when an individual is homozygous at
both marker loci, of four distributions when it is ho-
mozygous at only one of the marker loci and finally of six
distributions when it is heterozygous at both loci
(Table 3). Therefore, individuals are replicated three, four
or six times in the design matrix or explanatory variables
depending on their observed marker genotype. The
weights of the corresponding allelic constitutions are
stored again into an extra variable.

257

The two steps of the algorithm are alternated until
convergence. The algorithm is conveniently started by
(arbitrary) thresholding of the data, which gives initial
weights equal to O or 1. Alternatively, the algorithm can
be started by setting the parameters to (well-chosen) ini-
tial values. The analyses can be carried out by statistical
packages that have facilities for generalised linear models.

Notation
y phenotype
h genotype (incomplete information)

g genotype (complete information)
p(h) expected proportion of h

pl9) expected proportion of g

plglh)  expected proportion of g given h
p(gly,h) expected proportion of g given k and y
f(ylh)  probability density function given h
f(ylg)  probability density function given g

Formal justification

Continuous phenotypic data, such as that observed when
the trait is normally distributed, will be considered here.
Expressions for discrete phenotypic data, such as counts
or percentages, can be obtained by substituting probabil-
ities for densities. The likelihood & of observations

(yhhl): (y25h2)= v (ylzhl) is
I
L(yphy)s 2sho) .. Grhy)= I:—[ £y, h)
I

I
p(hy) TT f(yilhy) .
i=1 i=1

Parameter estimation will be carried out by maximum
likelihood. The likelihood equations are

d f
O0=_-IZ= Z = logp(h)+ Z —logf(yilhi)

00 =100 =1 00
1 a 1
P @Iogp(hi) Z FYARTRS Zp(glhl) f(yilg)
i=1 i=1 ( I
I
~i§1 o0 ogp(h)
L < [Plglhy) - f(yilg) O
+i§1 g( i) ael g(p(glh)f(yilg))>
19 I 3
=2 splogp(h)+ X 2 Plglyih) 7o log(p(glh) £(v1lg))
i=1 i=1 g
9 ! d
= i; % logp(h)+ i; § Py, ) Py logp(glh)
! )
+ i; > p@lyihy) % logf(yilg)
1
= 221 Zp(glyph) logp(g)
I d
+ =21 2 plyihy) — % logf(y;lg)
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The problem can be considered as a missing data prob-
lem. The likelihood equation can be solved by applying
the EM-algorithm proposed by Dempster et al. (1977).
Each iteration consists of two steps. First, in the so-called
E step, the conditional probability

- o
p(glys h) = &if(%]ﬁ.()yﬂ

is evaluated for all possible allelic constitutions g, given
the current parameter estimates and given the observed
incomplete information k; on the genotype. Next, in the
so-called M step, the likelihood equation is solved by
fixing the weights p(gly, #;), whereby updated parameter
estimates are obtained. Note that p(g) is a function of
recombination parameters only, whereas f(y|g) is a func-
tion of parameters for the regression of phenotype on
genotype. Therefore, the likelihood equation can be split
into two terms: the first term refers to the genetic linkage
problem, the second term to the problem of regression of
phenotype on genotype. Thus, the one M step for the
mixture problem is split into two M steps for the two
classical non-mixture problems.

Examples

Two simulated backcross examples will be worked out
here: (1) the case of mapping a single QTL affecting life-
time (assumed to be exponentially distributed), and (2)
the case of two QTLs in adjacent intervals with genes in
the repulsion phase and the QTLs affecting a normally
distributed trait. These cases show the general mixture
model in ‘full action’. The first example serves to illustrate
the modelling for non-normally distributed traits and to
discuss the robustness of the traditional approach in
which normality is assumed. The second example serves
to illustrate modelling for multiple QTLs and to discuss
some problems concerning the detection of QTLs. In
both examples data were simulated for 200 individuals.
Genotypes were generated assuming absence of interfer-
ence. The markers were set at a distance of 20 cM apart,
which gives a recombination frequency of approximately
0.16 according to Haldane’s mapping function (Haldane
1919). The QTLs were located halfway between their
flanking markers, which gives recombination frequencies
of approximately 0.09.

Example 1. A simulated backcross example will be elabo-
rated for the case of a single QTL with an exponentially
distributed trait and F, individuals M; Q, M,/m, g, m,.
The exponential distribution is of considerable impor-
tance and has a widespread use in the analysis of data in
which the response variable is a lifetime (McCullagh and
Nelder 1989). The probability density function of the ex-

Table 4. Example 1: a simulated backcross of F, individuals
M; QM,/m, qm, to the parent m, qm,/m, gm, with an expo-
nentially distributed trait. The parameter values used to simulate
the data were r =r,=0.09, Uqq =10, Bog=15 and n=200% Log-
likelihood and parameter estimates for various models are pre-
sented

QTL Exponential log-like- Genetic Regression
fitted or normal lihood linkage® of phenotype
(yes/no) distribution on genotype*®
assumed (e/n)
fr ﬁqq ﬂQq
n n —7948 - - - -
v n —7921 002 017 11.2 167
n e —6853 - - - =
y e —681.7 004 016 110 169

* n denotes the number of individuals in the BC progeny

b, and r, denote the recombination frequencies between the
QTL and its flanking markers

® Moq and y , denote the mean value of individuals with Qq and
qq at the QTL, respectively

ponential distribution is f(y)= /1—1 exp(—y/u), where y=>0.

The mean of the exponential distribution is y; its variance
is 2. The mean values of the genotypes qq and Qq were
set to u,, =10 and pg, =15, respectively.

Table 4 shows log-likelihoods and parameter esti-
mates for various models. A comparison of the log-likeli-
hoods shows that the models under the correct distribu-
tional assumption fit much better than the models under
the false distributional assumption do. Parameter esti-
mates under both the correct and the false assumption
are still much the same. Detection of a single QTL is
usually based on the LOD-score %log % —%log #, or
on the deviance 2(log ¥, —log.#,), where ¥, and &,
are the likelihoods of the models with and without a
QTL, respectively (Knapp et al. 1990). However, distribu-
tional properties of the test statistic are not completely
known due to failure of the regularity conditions
(McLachlan and Basford, 1988; Titterington et al. 1985).
In our example the values of the test statistic
2(log ¥, —log &) are 5.4 and 7.2 under the assumptions
that the distribution is normal and exponential, respec-
tively. Using the threshold y3 ;,5=5.99 as a rule of
thumb (Knapp et al. 1990), the QTL will be detected only
under the correct distributional assumption.

Example 2. A simulated backcross example will be elabo-
rated now for the case of two QTLs in adjacent intervals
with three markers and F, genotypes M; Q, M, q, M,/
m, q,m, Q,m;,. Note that the genes at the QTLs are in
the repulsion phase. Let 4,, v, and {, denote the genetic
linkage parameters for the first QTL, and similarly 4,, v,
and {, those for the second QTL. The environmental
contribution was normally distributed with unit variance



Table 5. Example 2: a simulated backcross of F, individuals
M;Q; M, q,M,/m,q,m,Q, m; to the parent m, q, m, q, m,/
m, q; m,q,m, with a normally distributed trait. The effects of
the QTLs were additive (G=m+ 4, + A4,). The parameter values
used to simulate the data were r,,=r,,=r, =r,,=009,
a,=a,=1, 6*=1 and n=200°

Coefficients of the genetic linkage parameters and the parame-
ters for regression of phenotype on genotype for an individual
with observed marker genotype M, m, M, m, M;m;,

Unobserved  Genetic linkage® Regression of
complete phenotype on
allelic cons- genotype©
titution at

the QTL Avove Ly Ay vy G m a, a,
QQfqq, 1 0 0 1 0 1 1 0 0
Qidrfaia, 1 0 0 1 1 0 1 0 —1
q:Q2/4: 9, 1 1 1 1 0 1 1 -1 0
4:92/9: 92 1 1 1 0 1-—-1 -1

Log-likelihood and parameter estimates for various models

QTL log-like-
fitted lihood

Regression of
phenotype on

Genetic linkage®

(yes/no) genotype

1 2 fll f12 f21 f22 al dl 6-2
n n —4772 - - - - - - 12
n oy —4761 - - 016 000 - 02 12
y n —4739 000 016 - - 04 — 12
y v —467.0 006 012 013 004 10 09 1.0

Log-likelihood and parameter estimates for various models with
markers as covariables

QTL Marker log-like- Genetic linkage® Regression
fitted fitted  lihood of pheno-
(ves/ (yes/no) type on

no) genotype
12 123 Fio Py Pay Fay 4y 4, 67
n n ynn —4761 - - - - - - 12
nn nny —4738 - - - - - - 12
ny ynn —4677 - - 016 000 - 0.6 1.1
y n nny —467.0 005 013 - - 09 - 141

? n denotes the number of individuals in the BC progeny

® r,, and r, denote the recombination frequencies between the
first QTL and its flanking markers; r,, and r,, denote the recom-
bination frequencies between the second QTL and its flanking
markers; A, v; and {; denote the genectic linkage parameters
for the first QTL: A, =log(3(1—ryy) A —r,)); v, =log(r,,)
—log(1—ry); {;=log(ri,)—log(1—r.,); A;, v, and {, denote
the genetic linkage parameters for the second QTL: A,=
log(#(1—r3y) (1 =722)); v, =log(r,1)—log(l—ryy); {,=log(r,s)
—log(1~7,,)

¢ m, a, and a, denote the parameters for regression of phenotype
on genotype: m is the mean of the expected phenotypes of indi-
viduals with Q, Q,Q, Q, and q, q; 4, g, at the QTL, respective-
ly; a, and a, are the additive effects of the first and second QTL,
respectively; o> denotes the variance of the fitted normal distri-
bution
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(02 =1). The effects of the genes at the QTLs were additive
(G=m+ A, + A4,) and set to one unit (a, =a,=1). As an
example, coefficients of the parameters are presented in
Table 5 for an individual with observed marker genotype
M;m; M, m, mym,. Coefficients for individuals with
other allelic constitutions at the marker loci may be
derived easily by using Table 2. Since the allelic constitu-
tion at the QTL can be Q; Q,/q;9q, Q142/d192 q; Q,/
d;9, or 4, 9,/q; q,, the phenotype follows a mixture of
four distributions.

Models were fitted with the markers at the known
distance of 20 cM. Table 5 also shows log-likelihoods and
parameter estimates for various models. In this example
the values of the test statistic 2(log ¥, —log %) are 6.6
and 2.2 for the first and second QTL, respectively. Using
again the threshold y3 , 55 =25.99 as a rule of thumb, only
the first QTL will be detected. However, estimates of the
location of the QTLs on the linkage map, and estimates
of the QTL effects are highly biased. Deviances between
the “true” model (in which the two QTLs are fitted simul-
taneously) and the two single QTL models (in which a
single QTL is fitted at a time) are large (18.2 and 13.8).
This suggests that the detection procedure may be im-
proved by testing models versus the true model instead of
versus a “no-QTL” model. However, in real applications
the true model is unknown.

An adaptive procedure is to fit a single QTL at a time
by using its flanking markers and to incorporate the
remaining marker as covariable into the linear model for
the response variable. Table 5 shows log-likelihoods for
the two single QTL models with marker covariables. It
demonstrates that the likelihoods (—467.7 and —467.0)
are now very close to the likelihood of the true model in
which the two QTLs are fitted simultaneously (—467.0).
The parameter estimates are much better than in the two
single QTL models without using marker covariables.
Note that the likelihoods of the “no-QTL” models with
marker covariables (—476.1 and —473.8) are also very
close to the likelihoods of the single QTL models without
using marker covariables (—476.1 and —473.9).

Discussion

In this paper a general and flexible mixture model is
developed for mapping QTLs by using molecular mark-
ers. The computational idea is that by adopting the EM-
algorithm for parameter estimation the mixture problem
can be split into two solvable non-mixture problems, one
concerning genetic linkage analysis, the other concerning
regression of phenotype on genotype. Moreover, by using
generalised linear models a framework is provided cover-
ing regression techniques for many types of data. More
accurate and efficient mapping of QTLs can be achieved
by these procedures, which are extensions of methods
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proposed by Lander and Botstein (1989) and Knapp et al.
(1990). The computational work can be done by statisti-
cal packages having facilities for generalised linear mod-
els, such as GENSTAT (Genstat 5 Comittee 1987).

The included examples illustrate the generality and
flexibility of the described mixture model. For the sake of
brevity other examples, such as modelling experimental
design factors or modelling of epistatic QTLs, have not
been included. It should be obvious that these are easily
dealt with.

Testing for the number of components in a mixture is
an important and difficult problem that has not been
resolved completely (McLachlan and Basford 1988; Tit-
terington et al. 1985). As suggested by our second exam-
ple, the procedure for detection of QTLs may be im-
proved by testing versus a polygenic model instead of
testing versus a “no-QTL” model. One strategy could be
to use a hypothetical polygenic model, e.g. a dense map
of QTLs at distances of 20 cM. However, there will be
problems of model selection as in multiple regression,
and computational problems to cope with. Important
work still has to be done to develop adaptive detection
procedures and to study their behaviour for various situ-
ations in the QTL mapping case. An adaptive detection
procedure might be to fit a single QTL at a time (or two
or more QTLs simultaneously) by using flanking markers
and to incorporate the remaining markers as covariables
into the regression model of phenotype on genotype. This
procedure shows promise, as was suggested in the second
example.

The robustness of the method against deviations from
the model assumptions also needs further consideration.
In the first example it was shown that (at least) complica-
tions in testing may arise when the underlying pheno-
typic component distributions are non-normal, whereas
normality is assumed. In such cases a transformation
analysis should be carried out to find a suitable transfor-
mation such that the normality assumption holds. Alter-
natively, mixtures of other types of distribution should be
used (McCullagh and Nelder 1989).
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